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We explore mesoscopic fluctuations and correlations of the local density of states (LDOS) near
localization transition in a disordered interacting electronic system. It is shown that the LDOS
multifractality survives in the presence of Coulomb interaction. We calculate the spectrum of
multifractal dimensions in 2+ ǫ spatial dimensions and show that it differs from that in the absence
of interaction. The multifractal character of fluctuations and correlations of the LDOS can be
studied experimentally by scanning tunneling microscopy of two-dimensional and three-dimensional
disordered structures.
PACS numbers: 72.15.Rn , 71.30.+h , 73.43.Nq
Fifty five years after its discovery [1], Anderson local-
ization remains an actively developing field [2]. One of
central directions of the current research is the physics of
Anderson localization transitions [3]. These include both
metal-insulator transitions and quantum Hall plateau
transitions (and, more generally, transitions between dif-
ferent phases of topological insulators). Such transitions
have been experimentally observed and studied in a vari-
ety of semiconductor structures [4]. Recent discoveries of
graphene [5] and time-reversal-invariant topological insu-
lator materials [6] have further broadened the arena for
their experimental exploration. In addition to electronic
systems, there is a number of further experimental real-
izations of Anderson localization, including localization
of light [7], cold atoms [8], ultrasound [9], and optically
driven atomic systems [10].
Anderson transitions are quantum phase transitions
and are characterized by critical scaling of various phys-
ical observables. A particularly remarkable property of
Anderson transitions is the multifractality of critical wave
functions which implies their very strong fluctuations.
Specifically, at the critical point the wave-function mo-
ments or equivalently, the averaged participation ratios
〈Pq〉 = 〈
∫
ddr|ψ(r)|2q〉 show anomalous multifractal scal-
ing with respect to the system size L,
Ld〈|ψ(r)|2q〉 ∝ L−τq , τq = d(q − 1) + ∆q, (1)
where d is the spatial dimension, 〈. . .〉 denotes the aver-
aging over disorder, and ∆q are anomalous multifractal
exponents distinguishing the critical point from a conven-
tional metallic phase, where ∆q ≡ 0. We refer the reader
to Ref. [3] for an overview of this research area. Very
recently, a complete classification of observables charac-
terizing critical wave functions (that includes multifrac-
tal moments (1) as a “tip of the iceberg”) was developed
[11].
The above results on multifractality have been ob-
tained for non-interacting disordered systems. In the
case of broken spin invariance they remain valid in the
presence of short-range (e.g., screened by external gate)
electron-electron interaction which, in this case, is irrel-
evant in the renormalization-group (RG) sense [12]. On
the other hand, the long-range (1/r) Coulomb interac-
tion is RG relevant and may have strong impact on lo-
calization properties of the system (see Refs. [16, 17]
for review). In particular, it induces a metal-insulator
transition in (otherwise localized) two-dimensional sys-
tems with preserved spin and time-reversal invariances
[18]. Further, the Coulomb interaction induces a strong
suppression of the local density of states (LDOS) ρ(E)
near zero energy E (counted from the chemical poten-
tial) [19, 20]. The LDOS can be measured in a tunneling
experiment, and this phenomenon is known as zero-bias
anomaly (ZBA). Specifically, in a two-dimensional (2D)
weakly disordered system the disorder-averaged LDOS
behaves as [16, 17, 21–25]
〈ρ(E)〉 ∝ exp
{
−
1
4πg
log2 |E|
}
, (2)
where g is the dimensionless (measured in units e2/h)
conductivity. The physics of a 2D disordered systems is
closely related to the behavior at Anderson transition,
since d = 2 is a logarithmic (lower critical) dimension.
The unconventional behavior (2) with squared logarithm
in the exponential (rather than with a simple logarithm
that would yield a power law, as normally expected for
critical behavior) is related to the fact that the LDOS
is affected by gauge-type phase fluctuations that yield
a suppression of Debye-Waller type. For the Anderson
transition in d = 2+ ǫ dimensions (with ǫ≪ 1 allowing a
parametric control of the theory) in systems with broken
time-reversal and/or spin symmetries, one of the loga-
rithmic factors in Eq. (2) transforms into a factor ∼ 1/ǫ
2[16, 17]. Since the critical conductance g∗ is of order 1/ǫ
as well, this yields
〈ρ(E)〉 ∝ |E|β , β = O(1), (3)
with precise value of the critical exponent β depend-
ing on the symmetry class. Specifically, up to correc-
tions of order ǫ, one finds β ≃ 1/2, 1/[4(1 − ln 2)], and
1, for the problems with magnetic impurities, magnetic
field, and spin-orbit scattering, respectively [16, 17]. In
view of a combination of disorder and interaction physics,
such metal-insulator transitions are often called Mott-
Anderson (or Anderson-Mott) transitions. We remind
that in the absence of interaction the LDOS is uncrit-
ical, β = 0, in conventional (Wigner-Dyson) symmetry
classes.
We are thus facing the following important question:
Does multifractality survive in the presence of Coulomb
interaction between electrons? The goal of this paper is
to answer this question. Specifically, we will show that
on top of the ZBA suppression of the average 〈ρ(E)〉,
the LDOS of a strongly interacting critical system does
show multifractal fluctuations and correlations. We will
also calculate the corresponding spectrum of anomalous
dimensions in 2 + ǫ spatial dimensions up to the two-
loop order and demonstrate that it differs from that of a
non-interacting system.
Note that the question addressed in this Letter is
of direct experimental relevance. In particular, a re-
cent work [26] performed scanning tunneling microscopy
(STM) of a magnetic semiconductor Ga1−xMnxAs near
metal-insulator transition and detected LDOS fluctua-
tions and correlations of mutlifractal character. Strong
fluctuations of the LDOS in a strongly disordered 3D
system (presumably, on the insulating side of the tran-
sition) have been also observed in Ref. [27]. Further,
recent works on STM of 2D semiconductor systems and
graphene [28] demonstrated the feasibility to explore fluc-
tuations and correlations of the LDOS also near the
quantum Hall transitions. Finally, strong spatial fluc-
tuations of the LDOS have been also detected near the
superconductor-insulator transition in disordered films
[29] that is known to have much in common with the
metal-insulator transition.
We turn now to the presentation of our results.
The LDOS is formally defined as an imaginary part
of the single-particle Green function, ρ(E, r) =
(−1/π) ImG(E; r, r). We find that near the Anderson
localization transition the moments of LDOS normalized
to its average show multifractal scaling,〈
[ρ(E, r)]q
〉
/〈ρ(E)〉q ∼ (L/l)−∆q , (4)
where l denotes a microscopic length scale of the order of
elastic scattering mean free path and L = min{ξ, Lφ, L}
is the shorter of the three lengths: the localization (corre-
lation) length ξ, the dephasing length Lφ, and the system
size L [30]. The correlation length diverges at the transi-
tion point in a power-law fashion, ξ ∼ |g−g∗|
−ν , with an
exponent ν. Further, the dephasing length (controlled by
inelastic scattering processes) diverges at zero energy (we
remind that all energies are counted from the chemical
potential), Lφ ∼ |E|
−1/z, with a dynamical exponent z.
The power-law scaling (4) of the normalized LDOS mo-
ments is governed by a set of exponents ∆q. These ex-
ponents control also spatial power-law correlations of the
LDOS at scales R < L. (At large distances, R ≫ L, the
LDOS become essentially uncorrelated.) In particular,
the correlation function of two LDOS at different points
shows at l < R < L the following scaling:
〈
ρ(E, r)ρ(E, r +R)
〉/
〈ρ(E)〉2 ∼
(
L
R
)η
, (5)
where η = −∆2. Correlations between the LDOS at
different energies have analogous scaling properties,
〈
ρ(E, r)ρ(E + ω, r +R)
〉
〈ρ(E)〉〈ρ(E + ω)
∼
(
Lω
R
)η
, R < Lω, (6)
where Lω ∼ ω
−1/z and it is assumed that Lω < L.
To derive the above results, we use the non-linear σ
model (NLσM) field-theoretical approach to interacting
disordered systems [16, 17]. To keep the analysis para-
metrically under control, we consider the Anderson tran-
sition in d = 2 + ǫ dimensions, where the critical con-
ductance g∗ is large (i.e. the corresponding σ model cou-
pling t∗ = 1/πg∗ is weak). This allows us to obtain an
ǫ expansion for critical exponents. In spirit of usual ide-
ology of critical phenomena, it is expected that the scal-
ing results (4)-(6) are of general validity and hold also
at strong-coupling critical points of Coulomb-interacting
disordered systems, such as metal-insulator transitions in
3D or quantum Hall plateau transitions.
We consider a system of disordered fermions with
Coulomb interaction in the absence of time reversal and
spin rotational symmetries, which corresponds to the
symmetry class “MI(LR)” in terminology of Ref. [17]).
The RG analysis of the Anderson metal-insulator tran-
sition in d = 2 + ǫ dimensions for this symmetry class
was developed up to two-loop order in Refs [31, 32].
Renormalization of the dimensionless conductance g is
governed by the following β-function [32]
−
dt
d ln y
= β(t) = ǫt− 2t2 − 4At3 +O(t4), (7)
where y is the running RG length scale, t = 1/πg, and
A ≈ 1.64. The condition β(t∗) = 0 determines the po-
sition of the critical point: t∗ = (ǫ/2)(1 − Aǫ) + O(ǫ
3)
(and thus the critical conductance g∗ = 1/πt∗). Fur-
ther, the localization length exponent is determined by
the derivative of the β-function at the fixed point, ν =
3−1/β′(t∗) = 1/ǫ − A + O(ǫ). The dynamical expo-
nent connecting the energy and length scaling at crit-
icality is also known up to the two-loop order: z =
2 + ǫ/2 + (2A− π2/6− 3)ǫ2/4 +O(ǫ3) [31].
To determine the scaling of LDOS moments, we trans-
late the corresponding correlation functions into the
NLσM language. We use the Matsubara version of the
interacting σ model, and introduce replicas in order to
perform the disorder averaging. A detailed two-loop RG
analysis (see Supporting Material [33]) demonstrates that
the scaling behavior of moments of the normalized LDOS,
[ρ(E, r)/〈ρ(E)〉]q, is governed by the anomalous dimen-
sions
ζq(t) =
q(1− q)t
2
[
1 +
(
2−
π2
6
)
t
]
+O(t3). (8)
This proves the anomalous scaling (4) and determines the
multifractal exponents at the critical point:
∆q = ζq(t∗) =
q(1 − q)ǫ
4
[
1 +
(
1−A−
π2
12
)
ǫ
]
+O(ǫ3).
(9)
An extension of this analysis onto correlation functions
of LDOS at different spatial points and/or energies yields
Eqs. (5), (6) and their generalizations onto higher corre-
lation functions [33].
To illustrate the origin of obtained fluctuations and
correlations of the LDOS, we show in Fig. 1 representa-
tive diagrams for the correlation function 〈ρ(E, r)ρ(E +
ω, r + R)〉. Each LDOS is given by a fermionic loop
dressed by interaction lines. Averaging each loop over
disorder generates diffusive vertex corrections and yields
the ZBA. On the other hand, diffusons connecting the
loops lead to multifractal correlations. The RG effec-
tively sums up the leading contributions of the diagrams
with multiple interaction lines and intra- and inter-loop
diffusons inserted in all possible ways.
It is instructive to compare our findings with the
known results for the Anderson transition in d = 2 + ǫ
dimensions in the absence of interactions. In the case of
non-interacting disordered fermions without time rever-
sal symmetry (the Wigner-Dyson unitary class A), the
β-function, the critical point and the localization length
exponent are known up to the five-loop order [34]
−
dt
d ln y
= β(0)(t) = ǫt−
1
2
t3 −
3
8
t5 +O(t6), (10)
t∗ = (2ǫ)
1/2(1−3ǫ/4)+O(ǫ5/2), and ν = 1/2ǫ−3/4+O(ǫ).
The anomalous dimensions of operators which determine
the scaling behavior of the LDOS moments have been
computed at the four-loop level [35] with the result
ζ(0)q (t) =
q(1− q)t
2
(
1 +
3t2
8
+
3ζ(3)
16
q(q − 1)t3
)
+O(t5),
(11)
a) b) c) d)
e) f)
g)
h)
Н = + +
FIG. 1: Representative diagrams for the average LDOS (a)
and to the correlation function of two LDOS 〈ρ(E,r)ρ(E +
ω,r + R)〉 (b-d). The retarded (advanced) single-particle
Green function is denoted by solid (dashed-dotted) line.
Wavy solid line denotes the dynamically screened Coulomb
interaction. Shaded rectangular is a representation for the
diffuson (e) with self-energy due to interaction shown in (g).
The shaded rectangular with dashed lines stands for a bare
diffuson (f). The impurity line is denoted by dashed line.
White rectangular with symbol ‘H’ stands for the Hikami box
shown in (h).
where ζ(3) ≈ 1.2 stands for the Riemann zeta function.
This leads to the following expression for the correspond-
ing multifractal exponents:
∆(0)q = q(1− q)
( ǫ
2
)1/2
−
3ζ(3)
32
q2(q − 1)2ǫ2 +O(ǫ5/2).
(12)
Comparing Eqs. (7) and (10), one sees that Coulomb in-
teraction changes the β-function and, consequently, the
fixed point and critical exponents. Thus, Anderson tran-
sitions with and without Coulomb interaction belong to
different universality classes.
While we have shown that multifractality of the LDOS
persists in the presence of Coulomb interaction, the val-
ues of the multifractal dimensions, Eq.(9), are essentially
different from their non-interacting counterparts (12).
This happens both because of a difference in the cor-
responding scaling functions [cf. Eqs. (8) and (11)] and
because of different values of critical resistance t∗. We
mention that in both cases in the two-loop approxima-
tion the spectrum of anomalous dimensions ∆q (and thus
the so-called singularity spectrum f(α) that is obtained
by the Legendre transformation (see e.g. Ref. [3]) is
parabolic, ∆q ≃ γq(1− q). It is expected, however, that
higher-loop contribution will break the exact parabolic-
ity in the Coulomb case, in analogy with what happens
(in the four-loop order) in the non-interacting model.
For small ǫ, when the values of the exponents are para-
metrically controlled, the Coulomb interaction consider-
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FIG. 2: (Color online) Schematic color-code plot of the
autocorrelation function 〈[ρ(E,r) − 〈ρ(E)〉][ρ(E,r + R) −
〈ρ(E)〉]〉/〈ρ(E)〉2 for the system a) at the critical point, g =
g∗, and b) slightly on the metallic side, (g−g∗)/g∗ = 0.2. The
energy is measured in units of elastic scattering rate which sets
the ultraviolet cutoff of the NLσM theory. The dashed line in
a) and b) corresponds to R/l ∼ (|E|2/z + |g/g∗ − 1|
2ν )−1/2.
ably reduces numerical values of the anomalous expo-
nent, i.e. weakens multifractality. As an example, for
ǫ = 1/8 we get γ = 0.25 in the absence and γ = 0.03 in
the presence of interaction. In the physically most inter-
esting case of dimensionality d = 3, i.e. ǫ = 1, we can
only use the one-loop term as an estimate. This yields
in the non-interacting case γ = 0.7 and η = −∆2 = 1.4,
in fairly well agreement with numerical results. An anal-
ogous estimate based on our results for the interacting
system yields γ = 0.25 and η = −∆2 = 0.5. Note that at
ǫ = 1 the second-loop term in Eq. (9) is numerically of
the same order (by absolute value) as the one-loop term;
thus, this estimate is expected to be quite rough.
To visualize the critical LDOS correlations near a
metal-insulator transition, we present in Fig. 2 a color-
code plot of the autocorrelation function 〈[ρ(E, r) −
〈ρ(E)〉][ρ(E, r+R)−〈ρ(E)〉]〉/〈ρ(E)〉2 [cf. Eq. (5)]. This
presentation is analogous to Figs. 4A and 4B of the ex-
perimental paper [26]. For this plot, we have chosen the
following values of the critical exponents: ν = 1, z = 1.5,
η = 0.5, which are theoretical estimates obtained by tak-
ing ǫ = 1 in the one-loop results for the case of Coulomb
interaction. The left panel (Fig. 2a) corresponds to the
case when the system is exactly at the transition point,
g = g∗. We see the long-range multifractal correlation
at low energies; since ν > 1/z (as is also the case for
experimental estimates of the corresponding exponents
at 3D metal-insulator transitions and at quantum Hall
transitions), the range of correlation L is controlled by
the dephasing length Lφ. In the right panel (Fig. 2b),
the system is slightly off the transition, i.e., g − g∗ is
now non-zero. In this case L is governed by the correla-
tion (localization) length ξ in a certain window around
zero energy and by Lφ outside this window. All essential
features of Fig. 2 compare well with Fig.4 of Ref. [26].
To summarize, we have shown that the multifractal
fluctuations and correlations of the LDOS persist in the
presence of Coulomb interaction but the spectrum of mul-
tifractal exponents is modified. By using the NLσM ap-
proach, we have calculated the multifractality spectrum
of an interacting system without time-reversal and spin
symmetries up to the two-loop order in 2+ ǫ dimensions.
Our results are in an overall agreement with the experi-
mental data of Ref. [26].
We hope that our work will motivate further experi-
mental studies of multifractality of interacting electrons
near metal-insulator and quantum Hall transitions. On
the theoretical side, our paper paves a way to a system-
atic investigation of multifractality at interacting critical
points of localization transitions. There exists by now
a vast knowledge on properties of multifractality in the
absence of interaction, including, in particular, systems
of different symmetry classes and different dimensionali-
ties, symmetries of mutlifractal spectra, termination and
freezing, implications of conformal symmetry, connection
to entanglement entropy, and manifestation of multifrac-
tality in various observables [3, 11, 36–38]. In the pres-
ence of Coulomb interaction, the corresponding physics
remains to be explored. In addition to metal-insulator
transitions and transitions between different phases of
topological insulators, we envision a possibility to extend
this analysis also to superconductor-insulator transitions.
While we were preparing this paper for publication,
a preprint appeared [39] where an analogous problem is
addressed numerically within a self-consistent Hartree-
Fock approximation.
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6ONLINE SUPPORTING INFORMATION:
Multifractality at Anderson transitions with Coulomb interaction
I. NONLINEAR σ-MODEL: DEFINITIONS
Low-energy physics of the system of disordered fermions with Coulomb interaction in the absence of time reversal
and spin rotational symmetries (symmetry class denoted as “MI(LR)” in Ref. [S1]) is described by the action of the
nonlinear σ-model (NLSM). It is given as a sum of the non-interacting part, Sσ, and the contribution arising from
the interaction in the particle-hole singlet channel, Sint: [S1,S2]
S = Sσ + Sint, (13)
where
Sσ = −
g
4
∫
dr tr(∇Q)2 + 4πTz
∫
dr tr η(Q − Λ), (14)
Sint = −πTΓs
∑
α,n
∫
dr tr
[
IαnQ
]
tr
[
Iα−nQ
]
. (15)
Here g is the Drude conductivity (in units e2/h) and we use the following matrices
Λαβnm = sgnn δnmδ
αβ , ηαβnm = n δnmδ
αβ , (Iγk )
αβ
nm = δn−m,kδ
αβδαγ (16)
with α, β, γ standing for replica indices and n,m corresponding to Matsubara fermionic energies εn = πT (2n+1). The
matrix field Q(r) (as well as the trace tr) acts in the replica and Matsubara spaces. It obeys the following constraints:
Q2 = 1, trQ = 0, Q† = Q. (17)
We use notation similar to that of the paper by Baranov, Pruisken, and Sˇkoric´ [S3]. However, in order to avoid
notational confusion, it is instructive to compare our notation with that of the reviews by Finkel’stein [S2] and by Belitz
and Kirkpatrick [S1]. The interaction term (15) coincides with the term in Eq. (3.9a) of Ref. [S2] with the coupling
constant Γs = −πρ0Z/4 and with the term in Eq. (3.92d) in Ref. [S1] with Γs = K
(1). Here ρ0 is the thermodynamic
density of states. Finally, the parameters g and z in Eq. (14) are related by g = 4πρ0D and z = πρ0Z/4 to the
corresponding parameters introduced in Ref. [S2] and by g = 16/G and z = H/2 to those in Ref. [S1]. We mention
that Ref. [S2] focuses on the case of unscreened (long-range) Coulomb interaction. Therefore, the singlet interaction
amplitude Γs is expressed through the frequency renormalization factor Z there. In what follows, we consider a
general case of an arbitrary range interaction for which these quantities are independent variables.
For the perturbative (in 1/g) expansion we shall use the square-root parametrization
Q =W + Λ
√
1−W 2, W =
(
0 w
w¯ 0
)
. (18)
We adopt the following notations: Wαβn1n2 = w
αβ
n1n2 and W
αβ
n2n1 = w¯
αβ
n2n1 with n1 > 0 and n2 < 0. The elements w
αβ
n1n2
and w¯αβn2n1 are independent real variables.
For the purpose of regularization in the infrared, it is convenient to add the following term to the NLSM action
(13):
S → S +
gh2
4
∫
dr tr ΛQ. (19)
Expanding the NLSM action (19) to the second order in W , we find
S(2) = −
g
4
∑
n1n2
∑
αβ
∫
dq
(2π)d
[
q2 + h2 +
8πTz
g
n12
]
wαβn1n2(q)w¯
βα
n2n1(−q)
− 2πTΓs
∑
n1n2n3n4
∑
α
δn12,n34
∫
dq
(2π)d
wααn1n2(q)w¯
αα
n4n3(−q), (20)
7where n12 = n1 − n2. Hence, the propagator of W fields becomes
〈wα1β1n1n2 (q)w¯
β2α2
n4n3 (−q)〉 =
4
g
Dq(iωn12)δ
α1α2δβ1β2
[
δn1n3δn2n4 −
8πTΓs
g
δα1β1δn12,n34D
s
q(iωn12)
]
, (21)
[
Dq(iωn12)
]−1
= q2 +
4z
g
ωn12 ,
[
Dsq(iωn12)
]−1
= q2 +
4(z + Γs)
g
ωn12 . (22)
Here ωn12 = εn1 − εn2 . Note that 〈ww〉 and 〈w¯w¯〉 are zero.
II. THE AVERAGE OF LOCAL DENSITY OF STATES: ONE-LOOP APPROXIMATION
In this section, we remind known results for the local density of states (LDOS). It is related with the single-particle
Green function as ρ(E, r) = (−1/π) ImG(E; r, r). In the NLSM approach, the average LDOS 〈ρ(E, r)〉 can be
obtained after analytic continuation from Matsubara frequencies (εn1 → E + i0
+) of the following function
P1(iεn1) = ρ0〈Q
αα
n1n1(r)〉. (23)
Here α is a fixed replica index and ρ0 is the single-particle density of states at energy of the order of inverse elastic
scattering time 1/τ , playing a role of high-energy cutoff of the theory. By using Eqs (18) and (22), one finds in the
one-loop approximation
P1(iεn1) = 1 +
16πTΓs
g2
∑
εn>0
∫
ddq
(2π)d
Dq(iεn1 + iεn)D
s
q(iεn1 + iεn). (24)
After analytic continuation in Eq. (24), we obtain
〈ρ(E)〉 = ρ0
[
1 +
4Γs
g2
Im
∫ ∞
−∞
dω tanh
ω − E
2T
∫
ddq
(2π)d
DRq (ω)D
sR
q (ω)
]
. (25)
Here DRq (ω) and D
sR
q (ω) are retarded propagators corresponding to Matsubara propagators Dq(iωm) and D
s
q(iωm),
respectively. One can check that Eq. (25) reproduces the well-known perturbative result for the zero-bias anomaly
(ZBA) [S4].
To simplify analysis, it is convenient to set temperature T and energy E to zero and study dependence of 〈ρ〉 on
the infrared regulator h2. Then, in d = 2 + ǫ dimensions, we find
〈ρ〉 = ρ0Z
1/2, Z = 1− 2t ln(1 + γs)
hǫ
ǫ
+O(ǫ). (26)
Here γs = Γs/z, and t = 4Ωd/g where Ωd = Sd/[2(2π
d)] (Sd = 2π
d/2/Γ(d/2) is the area of the d-dimensional sphere).
We notice the well-known peculiarity of the case of Coulomb interaction (γs = −1) for which the formally divergent
term ln(1 + γs) in Eq. (26) emerges in addition to 1/ǫ factor. We emphasize that the terms divergent at γs → −1
never appear in renormalization of gauge-invariant quantities, e.g. conductivity.
III. THE SECOND MOMENT OF THE LDOS
A. Two-point irreducible correlation function of the LDOS
Let us define the irreducible two-point correlation function of the LDOS
K2(E, r;E
′, r′) = 〈ρ(E, r)ρ(E′, r′)〉 − 〈ρ(E, r)〉〈ρ(E′, r′)〉. (27)
Since we are mainly interested in the second moment of the LDOS, in what follows we consider K2(E, r;E
′, r′) at
coinciding spatial points only. It can be obtained from the function
K2 =
ρ20
2
Re
(
Pα1α22 (iεn1 , iεn3)− P
α1α2
2 (iεn1 , iεn4))
)
(28)
after analytic continuation to the real frequencies: εn1 → E + i0
+, εn3 → E
′ + i0+, and εn4 → E
′ − i0+. Here
Pα1α22 (iεn, iεm) = 〈〈Q
α1α1
nn (r) ·Q
α2α2
mm (r)〉〉 − 〈Q
α1α2
nm (r)Q
α2α1
mn (r)〉, (29)
where 〈〈A·B〉〉 = 〈AB〉−〈A〉〈B〉. Replica indices α1 and α2 are different in Eq. (28): α1 6= α2 such that the two-point
correlation function K2 measures mesoscopic fluctuations of the LDOS.
8B. One-loop result for K2
In the one-loop approximation, one finds
[Pα1α22 ]
(1)(iεn1 , iεn3) = 0, [P
α1α2
2 ]
(1)(iεn1 , iεn4) = −〈w
α1α2
n1n4 w¯
α2α1
n4n1 〉0 = −
4
g
∫
q
Dq(iωn14), (30)
where
∫
q ≡
∫
ddq/(2π)d, 〈. . . 〉0 denotes average with respect to the quadratic part (20) of the NLSM action. Hence,
we obtain
K
(1)
2 (E, r;E
′, r) = ρ20
2
g
Re
∫
q
DRq (E − E
′). (31)
Setting E = E′ and using h2 as the infrared regulator, one finds
K
(1)
2 = −ρ
2
0 t
hǫ
ǫ
+ O(ǫ). (32)
C. Two-loop result for K2
We start evaluation of the two-loop contribution to the irreducible two-point correlation function K2 from
Pα1α22 (iεn1 , iεn3). In the two-loop approximation, one needs to take into account only terms with four W :
[Pα1α22 ]
(2)(iεn1 , iεn3) =
1
4
∑
n6n8
∑
β1β2
[
〈〈wα1β1n1n6 w¯
β1α1
n6n1 · w
α2β2
n3n8 w¯
β2α2
n8n3 〉〉0 − 〈w
α1β1
n1n6
w¯β1α2n6n3w
α2β2
n3n8 w¯
β2α1
n8n1〉0
]
. (33)
By using Wick theorem and Eq. (22), we find
[Pα1α22 ]
(2)(iεn1 , iεn3) =
32πTΓs
g3
∑
εn>0
∫
q,p
Dq(iεn1 + iεn)
[
Dp(iεn3 + iεn)D
s
p(iεn3 + iεn)+D
s
q(iεn1 + iεn)Dp(iεn3 + iεn)
]
.
(34)
Performing analytical continuation, we obtain
[Pα1α22 ]
(2)(E,E′) =
8Γs
ig3
∫ ∞
−∞
dω tanh
ω
2T
∫
q,p
[
DRq (ω+E)D
R
p (ω+E
′)DsRp (ω+E
′)+DRq (ω+E
′)DRp (ω+E)D
sR
p (ω+E)
]
.
(35)
Setting E = E′ = T = 0, one can derive
[Pα1α22 ]
(2)(E,E′)→
t2 h2ǫ
ǫ2
[
ln(1 + γs)−
ǫ
4
ln2(1 + γs)
]
+O(1). (36)
The two-loop contribution to Pα1α22 (iεn1 , iεn4) can be written as
[Pα1α22 ]
(2)(iεn1 , iεn4) = −
1
4
∑
n5n6
∑
β1β2
〈〈wα1β1n1n6 w¯
β1α1
n6n1 · w¯
α2β2
n4n5w
β2α2
n5n4〉〉0 −
〈
wα1α2n1n4 w¯
α2α1
n4n1
[
S
(4)
0 + S
(4)
int +
1
2
(
S
(3)
int
)2]〉
0
. (37)
Here the term
S
(4)
0 =
g
32
∫
q1
∫
q2
∫
q3
∫
q4
δ(q1 + q2 + q3 + q4)
∑
β1β2β3β4
∑
n5n6n7n8
wβ1β2n5n6w¯
β2β3
n6n7w
β3β4
n7n8w¯
β4β1
n8n5
×
[
(q1 + q2)(q3 + q4) + (q1 + q4)(q2 + q3)− 2h
2 −
8πTz
g
(n56 + n78)
]
, (38)
appears in the expansion of Sσ and the regulator term to the forth order inW . The expansion of the singlet interaction
term Sint results in the following third and forth order terms:
S
(3)
int = πTΓs
∑
β,n
∫
dr tr IβnW tr I
β
−nΛW
2, S
(4)
int = −
πTΓs
4
∑
β,n
∫
dr tr IβnΛW
2 tr Iβ−nΛW
2. (39)
9After evaluation of averages in Eq. (37), we find
[Pα1α22 ]
(2)(iεn1 , iεn4) = −
[
2
g
∫
q
Dq(iωn14)
]2
−
32πTΓs
g3
∫
q,p
∑
εn>0
[
D2q(iωn14)D
s
p(iεn + iεn1) +D
2
q(iωn14)D
s
p(iεn − iεn4)
+Dq(iωn14)Dp(iεn + iεn1)D
s
p(iεn + iεn1) +Dq(iωn14)Dp(iεn − iεn4)D
s
p(iεn − iεn4)
]
+
64πTΓs
g3
∫
q,p
∑
ωn>0
D2q(iωn14)Dp(iωn14 + iωn)
[
1−
4Γsωn
g
Ds
q+p(iωn)
]
+
32πTΓs
g3
∫
q,p
∑
ǫn1>ωn>0
D2p(iωn14)
[
1−
4Γsωn
g
Ds
q+p(iωn)
]
Dq(iωn14 − iωn)
+
32πTΓs
g3
∫
q,p
∑
−ǫn4>ωn>0
D2p(iωn14)
[
1−
4Γsωn
g
Ds
q+p(iωn)
]
Dq(iωn14 − iωn). (40)
Performing analytic continuation to the real frequencies in Eq. (40), we obtain
[Pα1α22 ]
(2)(E,E′) = −
[
2
g
∫
q
DRq (E − E
′)
]2
−
8Γs
ig3
∫
q,p
DRq (E − E
′)
∞∫
−∞
dω tanh
ω
2T
[
DRq (E − E
′)DsRp (ω + E)
+DRq (E − E
′)DsRp (ω − E
′) +DRp (ω + E)D
sR
p (ω + E) +D
R
p (ω − E
′)DsRp (ω − E
′)
]
+
16Γs
ig3
∫
q,p
[DRq (E − E
′)]2
∞∫
−∞
dω coth
ω
2T
DRp (ω + E − E
′)
[
1 +
4iΓsω
g
DsR
q+p(ω)
]
+
8Γs
ig3
∫
q,p
[DRq (E − E
′)]2
∞∫
−∞
dωDRp (E − E
′ − ω)
[
1 +
4iΓsω
g
DsR
q+p(ω)
]
×
[
2 coth
ω
2T
− tanh
ω − E
2T
− tanh
ω + E′
2T
]
. (41)
Again setting E = E′ = T = 0, one can derive
[Pα1α22 ]
(2)(E,E′)→ −
t2 h2ǫ
ǫ2
[
1+ 3 ln(1+ γs)+ 2f(γs)− ǫ
2 + γs
γs
(
ln(1+ γs) + li2(−γs)+
1
4
ln2(1+ γs)
)]
+O(1), (42)
where f(x) = 1 − (1 + 1/x) ln(1 + x). Combining together Eqs (36) and (42), we obtain the following two-loop
contribution to the irreducible two-point correlation function:
K
(2)
2 = ρ
2
0
t2h2ǫ
ǫ2
{[1
2
+2 ln(1+γs)+f(γs)
]
+ ǫ
[1
2
ln(1+γs)+f(γs)−1−
2 + γ2
2γs
li2(−γs)−
1 + γs
4γs
ln2(1+γs)
]}
+O(1).
(43)
D. Two-loop renormalization of the second moment of the LDOS
By using Eqs (32) and (43), we write the two-loop result for the irreducible two-point correlation function as follows
K2 = ρ
2
0
[
−
t hǫ
ǫ
+
t2h2ǫ
ǫ2
{[1
2
+2 ln(1+γs)+f(γs)
]
+ǫ
[1
2
ln(1+γs)+f(γs)−1−
2 + γ2
2γs
li2(−γs)−
1 + γs
4γs
ln2(1+γs)
]}]
.
(44)
It is known [S3] that the momentum scale h acquires renormalization. The corresponding renormalized momentum
scale h′ can be defined as
g′h′2 tr Λ2 = gh2〈tr ΛQ〉, (45)
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where g′ denotes renormalized conductivity at the momentum scale h′. In the one-loop approximation, one can find
[S3]
h′ = h
[
1−
t hǫ
ǫ
(
f(γs) +
1
2
ln(1 + γs)
)
+O(ǫ)
]
(46)
and [S5,S6,S7]
g′ = g
[
1 +
a1t h
ǫ
ǫ
+O(ǫ)
]
, a1 = 2f(γs). (47)
We mention that
g′h′2 = gh2Z1/2 (48)
as expected (see Ref. [S1]).
By using Eq. (46), we can write the second moment of the LDOS in terms of the renormalized momentum scale h′
and factor Z as follows:
〈ρ2〉 = Zρ20 +K2 = ρ
2
0Zm
′
2, m
′
2 = m2
[
1 +
b
(2)
1 t h
′ǫ
ǫ
+
t2h′2ǫ
ǫ2
(
b
(2)
2 + ǫb
(2)
3 +O(ǫ
2)
)]
, (49)
where m2 = 1 and
b
(2)
1 = −1, b
(2)
2 =
1
2
+ f(γs), b
(2)
3 = −1−
2 + γs
2γs
li2(−γs)−
1 + γs
4γs
ln2(1 + γs). (50)
Here li2(x) =
∑∞
k=1 x
k/k2 denotes dilogarithm. We remind that the interaction parameter γs undergoes renormaliza-
tion. At the one-loop level it is as follows [S7]:
γ′s = γs
[
1 + (1 + γs)t
h′ǫ
ǫ
]
. (51)
In order to find the anomalous dimension of m′2, we introduce dimensionless quantity t¯ = t
′h′ǫ and, using Eqs (47),
(49), (51), express t, γs and m2 as
t = (h′)−ǫt¯Zt(t¯, γ
′
s), γs = γ
′
sZγ(t¯, γ
′
s), m2 = m
′
2Zm2(t¯, γ
′
s). (52)
To the lowest orders in t¯ the renormalization parameters become
Zt = 1 +
a1(γ
′
s)
ǫ
t¯, Z−1γ = 1 + (1 + γs)
t¯
ǫ
Z−1m2 = 1 +
b
(2)
1
ǫ
t¯+
t¯2
ǫ2
[
b
(2)
2 (γ
′
s) + b
(2)
1 a1(γ
′
s) + ǫb
(2)
3 (γ
′
s)
]
. (53)
Here we use the fact that b
(2)
1 is independent of γs. Now the renormalization group functions can be derived in a
standard manner from the conditions that t, γs and m2 does not depend on the momentum scale h
′. We reproduce
known one-loop results for the renormalization of the dimensionless resistance and interaction parameter [S7]
−
dt
d ln y
= β(t, γs) = ǫt− 2f(γs)t
2 +O(t3), −
dγs
d ln y
= βγ(t, γs) = γs(1 + γs)t+O(t
2), (54)
and obtain two-loop result for the anomalous dimension of m2
−
d lnm2
d ln y
= ζ2(t, γs) = −t− c(γs)t
2 +O(t3), c(γs) = 2 +
2 + γs
γs
li2(−γs) +
1 + γs
2γs
ln2(1 + γs). (55)
Here y = 1/h′ is the renormalization group running length scale and we omit ‘prime’ and ‘bar’ signs for a brevity.
It is worthwhile to mention that c(0) = 0 as it is known for free electrons [S8], and c(−1) = 2 − π2/6 ≈ 0.36. We
emphasize that the relation b
(2)
2 = b
(2)
1 (b
(2)
1 −a1)/2 guaranties the renormalizability of m2, i.e. the absence in Eq. (55)
of terms divergent in the limit ǫ→ 0.
Therefore, the results of this section implies that the second moment of the LDOS at E = T = 0 can be written as
〈ρ2〉 = 〈ρ〉2m2, (56)
where behavior of m2 is governed by Eq. (55). We mention that interaction affects the anomalous dimension of m2
only at the two-loop level.
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IV. THE q-TH MOMENT OF THE LDOS
A. General arguments
In this section we demonstrate that in the two-loop approximation the q-th moment of the LDOS at E = T = 0
can be written as
〈ρq〉 = 〈ρ〉qmq, (57)
where the behavior of mq is determined by the following renormalization group equation:
−
d lnmq
d ln y
= ζq(t, γs) =
q(1 − q)
2
t+
q(1 − q)
2
c(γs)t
2 +O(t3). (58)
Here the function c(γs) is given in Eq. (55). We mention that Eq. (58) implies
m′q = mq
[
1 +
b
(q)
1 t h
′ǫ
ǫ
+
t2h′2ǫ
ǫ2
[
b
(q)
2 + ǫb
(q)
3 +O(ǫ
2)
]]
(59)
with mq = 1 and
b
(q)
1 =
q(q − 1)
2
b
(2)
1 , b
(q)
2 =
b
(q)
1
2
(b
(q)
1 − a1) =
1
2
[q(q − 1)
2
b
(2)
1
]2
−
q(q − 1)
4
b
(2)
1 a1, b
(q)
3 =
q(q − 1)
2
b
(2)
3 . (60)
Let us consider the irreducible q-th moment of the LDOS (with q > 3)
Kq =
〈
(ρ− 〈ρ〉)
q〉
. (61)
Then we can write
〈ρq〉 =
q−1∑
j=0
(−1)q−1−jCqj 〈ρ
j〉〈ρ〉q−j +Kq. (62)
Provided Eqs (57) and (59) hold for all 0 6 j 6 q − 1, we find
〈ρq〉 = Zqm˜q +Kq, m˜q = mq
[
1 +
b˜
(q)
1 t h
′ǫ
ǫ
+
t2h′2ǫ
ǫ2
[
b˜
(q)
2 + ǫb˜
(q)
3 +O(ǫ
2)
]]
, (63)
where
b˜
(q)
1 =
kq
2
b
(2)
1 , b˜
(q)
2 =
lq
8
[
b
(2)
1
]2
−
kq
4
b
(2)
1 a1, b˜
(q)
3 =
kq
2
b
(2)
3 ,
kq = ∂
2
x
[
xq − (x− 1)q
]∣∣∣∣∣
x=1
, lq = ∂
2
x
(
x2∂2x
[
xq − (x − 1)q
])∣∣∣∣∣
x=1
. (64)
As one can check, kq = q(q − 1) for q > 3 whereas lq = k
2
q for q > 5. For q = 3 and q = 4 one finds l3 = 12 and
l4 = 120. Since expression for Kq involves connected contributions from averages of the number q of matrices Q, there
is no two-loop contribution to Kq for q > 5. Therefore, with the help of Eq (64), we obtain result (59) for q > 5. The
cases q = 3 and q = 4 need special consideration.
B. The third irreducible moment of the LDOS
The third irreducible moment K3 can be obtained from the function
K3 =
ρ30
8
(
Pα1α2α33 (iεn1 , iεn3 , iεn5)− P
α1α2α3
3 (iεn1 , iεn3 , iεn2)− P
α1α2α3
3 (iεn1 , iεn2 , iεn3)− P
α1α2α3
3 (iεn2 , iεn1 , iεn3)
+ Pα1α2α33 (iεn2 , iεn4 , iεn1) + P
α1α2α3
3 (iεn2 , iεn1, iεn4) + P
α1α2α3
3 (iεn1 , iεn2 , iεn4)− P
α1α2α3
3 (iεn2 , iεn4 , iεn6)
)
(65)
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after analytic continuation to the real frequencies: εn1,3,5 → E + i0
+ and εn2,4,6 → E − i0
+. Here
Pα1α2α33 (iεn, iεm, iεk) = 〈Q
α1α1
nn (r)Q
α2α2
mm (r)Q
α3α3
kk (r)〉 − 3〈Q
α1α1
nn (r)〉〈Q
α2α2
mm (r)Q
α3α3
kk (r)〉
− 3〈Qα1α1nn (r)Q
α2α3
mk (r)Q
α3α2
km (r)〉+ 3〈Q
α1α1
nn (r)〉〈Q
α2α3
mk (r)Q
α3α2
km (r)〉
+ 2〈Qα1α2nm (r)Q
α2α3
mk (r)Q
α3α1
kn (r)〉+ 2〈Q
α1α1
nn (r)〉〈Q
α2α2
mm (r)〉〈Q
α3α3
kk (r)〉 (66)
and replica indices α1, α2 and α3 are all different. In the two-loop approximation we find
Pα1α2α33 (iεn1 , iεn3 , iεn2) = P
α1α2α3
3 (iεn1 , iεn2, iεn3) = P
α1α2α3
3 (iεn2 , iεn1 , iεn3) = −P
α1α2α3
3 (iεn2 , iεn4 , iεn1)
= −Pα1α2α33 (iεn2 , iεn1 , iεn4) = −P
α1α2α3
3 (iεn1 , iεn2 , iεn4) = −
[
4
g
∫
p
Dp(0)
]2
= −
[
8Ωdh
ǫ
ǫg
]2
+O(1)
Pα1α2α33 (iεn1 , iεn3 , iεn5) = P
α1α2α3
3 (iεn2 , iεn4, iεn6) = 0. (67)
Hence, we obtain
K3 = ρ
3
0
3t2h2ǫ
ǫ2
+O(1). (68)
By using Eq. (63), we obtain Eq. (59).
C. The 4-th irreducible moment of the LDOS
The 4-th irreducible moment K4 can be obtained from the function
K4 =
ρ40
16
(
Pα1α2α3α44 (iεn1 , iεn3 , iεn5 , iεn7)− P
α1α2α3α4
4 (iεn1 , iεn3 , iεn5 , iεn2)− P
α1α2α3α4
4 (iεn1 , iεn3, iεn2 , iεn5)
− Pα1α2α3α44 (iεn1 , iεn2, iεn3 , iεn5)− P
α1α2α3α4
4 (iεn2 , iεn1 , iεn3 , iεn5) + P
α1α2α3α4
4 (iεn1 , iεn3 , iεn2, iεn4)
+ Pα1α2α3α44 (iεn1 , iεn2, iεn3 , iεn4) + P
α1α2α3α4
4 (iεn2 , iεn1 , iεn3 , iεn4) + P
α1α2α3α4
4 (iεn2 , iεn4 , iεn1, iεn3)
+ Pα1α2α3α44 (iεn2 , iεn1, iεn4 , iεn3) + P
α1α2α3α4
4 (iεn1 , iεn2 , iεn4 , iεn3)− P
α1α2α3α4
4 (iεn2 , iεn4 , iεn6, iεn1)
− Pα1α2α3α44 (iεn2 , iεn4, iεn1 , iεn6)− P
α1α2α3α4
4 (iεn2 , iεn1 , iεn4 , i εn6)− P
α1α2α3α4
4 (iεn1 , iεn2 , iεn4 , iεn6)
+ Pα1α2α3α44 (iεn2 , iεn4, iεn6 , iεn8)
)
(69)
after analytic continuation to the real frequencies: εn1,3,5,7 → E + i0
+ and εn2,4,6,8 → E − i0
+. Here
Pα1α2α3α44 (iεn, iεm, iεk, iεl) = 〈Q
α1α1
nn (r)Q
α2α2
mm (r)Q
α3α3
kk (r)Q
α4α4
ll (r)〉 − 4〈Q
α1α1
nn (r)〉〈Q
α2α2
mm (r)Q
α3α3
kk (r)Q
α4α4
ll (r)〉
+ 6〈Qα1α1nn (r)Q
α4α4
ll (r)〉〈Q
α2α2
mm (r)Q
α3α3
kk (r)〉 − 6〈Q
α1α1
nn (r)Q
α4α4
ll (r)Q
α1α2
mk (r)Q
α2α1
km (r)〉
+ 12〈Qα1α1nn (r)〉〈Q
α4α4
ll (r)Q
α2α3
mk (r)Q
α3α2
km (r)〉 − 6〈Q
α1α1
nn (r)Q
α4α4
ll (r)〉〈Q
α2α3
mk (r)Q
α3α2
km (r)〉
+ 8〈Qα1α1nn (r)Q
α4α2
lm (r)Q
α2α3
mk (r)Q
α3α4
kl (r)〉8〈Q
α1α1
nn (r)〉〈Q
α4α2
lm (r)Q
α2α3
mk (r)Q
α3α4
kl (r)〉
+ 3〈Qα1α2nm (r)Q
α2α3
mk (r)Q
α3α4
kl (r)Q
α4α1
ln (r)〉 − 6〈Q
α1α2
nm (r)Q
α2α1
mn (r)Q
α3α4
kl (r)Q
α4α3
lk (r)〉
− 3〈Qα1α1nn (r)〉〈Q
α2α2
mm (r)〉〈Q
α3α3
kk (r)〉〈Q
α4α4
ll (r)〉 (70)
and replica indices α1, α2, α3, α4 are all different. In the two-loop approximation we find that all P4 in Eq. (69) are
zero except the following ones
Pα1α2α3α44 (iεn1 , iεn2, iεn3 , iεn4) = P
α1α2α3α4
4 (iεn2 , iεn1 , iεn3 , iεn4) = P
α1α2α3α4
4 (iεn2 , iεn4 , iεn1 , iεn3)
= Pα1α2α3α44 (iεn2 , iεn1 , iεn4 , iεn3) = 3
[
4
g
∫
p
Dp(0)
]2
= 3
[
8Ωdh
ǫ
ǫg
]2
+O(1). (71)
Hence,
K4 = ρ
4
0
3t2h2ǫ
ǫ2
+O(1). (72)
By using Eq. (63), we obtain Eq. (59).
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V. SCALING ANALYSIS
Our results interpolate between the case of non-interacting fermions (γs = 0) and the case of fermions with Coulomb
interaction (γs = −1). In the case of short-range singlet interaction (−1 < γs < 0) the system flows towards the
non-interacting limit γs = 0 (see Eq. (54)). In both cases, γs = 0 and γs = −1, there are Anderson transitions in
d = 2 + ǫ dimensions but they are of different universality classes, i.e. they have different sets of critical exponents.
In the case of Coulomb interaction, γs = −1, renormalization of dimensionless conductance g (in units e
2/h) is
governed by the following β-function (t = 1/πg):
−
dt
d ln y
= β(t,−1) = ǫt− 2t2 − 4At3 +O(t4).
Here we add to Eq. (54) the two-loop contribution with the numerical constant A given as [S9]
A =
1
16
[
139
6
+
(π2 − 18)2
12
+
19
2
ζ(3) +
(
16 +
π2
3
)
ln2 2−
(
44−
π2
2
+ 7ζ(3)
)
ln 2 + 16G −
1
3
ln4 2− 8 li4
(
1
2
)]
≈ 1.64,
(73)
where G ≈ 0.915 denotes the Catalan constant, and li4(x) =
∑∞
k=1 x
k/k4 denotes the polylogarithm. The zero of the
β-function, β(t∗,−1) = 0, determines the critical point
t∗ = (ǫ/2)(1−Aǫ) +O(ǫ
3) (74)
at which the correlation (localization) length diverges
ξ = l|t− t∗|
−ν , ν = −1/β′(t∗,−1) = 1/ǫ−A+O(ǫ). (75)
Here l is the microscopic scale at which t is defined. Physically it corresponds to the elastic scattering mean free path.
In the case of Coulomb interaction Eq. (58) becomes
−
d lnmq
d ln y
= ζq(t) = q(1− q)
t
2
+ q(1− q)
(
1−
π2
12
)
t2 +O(t3). (76)
Together with Eq. (57), it implies that at zero energy and temperature, E = T = 0, the q-th moment of the LDOS
obeys the following scaling behavior
〈ρq〉 ∼ 〈ρ〉q (ξ/l)
−∆q Υq(ξ/L). (77)
Here L stands for the system size, the multifractal critical exponent ∆q is determined by the anomalous dimension of
mq at the critical point:
∆q = ζq(t∗,−1) =
q(1− q)ǫ
4
[
1 +
(
1−A−
π2
12
)
ǫ
]
+O(ǫ3), (78)
and the scaling function Υq(x) has the following asymptotes
Υq(x) =
{
1, x≪ 1
x∆q , x≫ 1.
(79)
As one can see from Eq. (77), the scaling behavior of the q-th moment of the LDOS is determined also by the
scaling behavior of the average DOS. At zero energy and temperature, E = T = 0, one can write [S2,S10]
〈ρ〉 ∼ (ξ/l)−θK(ξ/L), (80)
where the critical exponent θ = 1 +O(ǫ) and the scaling function K behaves as follows
K(x) =
{
1, x≪ 1,
xθ, x≫ 1.
(81)
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Combining Eqs (77) and (80), we find
〈ρq〉 ∼ (ξ/l)
−θq−∆q Υ˜q(ξ/L), (82)
where the scaling function Υ˜q(x) has the following properties:
Υ˜q(x) =
{
1, x≪ 1
x∆q+θq, x≫ 1.
(83)
Since the multifractal exponent is negative, ∆q < 0, the combination θq +∆q can be of arbitrary sign in general.
As usual, in the presence of interactions, finite energy or temperature induces the inelastic length Lφ related with
the dephasing time τφ: Lφ ∼ τ
1/z
φ , where z is the dynamical exponent. In the case of Coulomb interaction the
frequency/energy and temperature scaling are the same such that 1/τφ ∼ max{|E|, T }. Therefore, the inelastic
length becomes Lφ ∼ min{LE, LT } with LE ∼ |E|
−1/z and LT ∼ T
−1/z. We emphasize that the energy E is counted
from the chemical potential. The dynamical exponent z is known up to the two-loop order [S3]:
z = 2 +
ǫ
2
+
(
2A−
π2
6
− 3
)
ǫ2
4
+O(ǫ3). (84)
Provided Lφ ≪ L, the inelastic length should be substituted for L in Eqs (77), (80) and (82). Therefore, our scaling
results for the q-th moment can be summarized as follows:
〈ρq(E, r)〉 ∼ 〈ρ(E)〉q (L/l)
−∆q , 〈ρ(E)〉 ∼ (L/l)
−θ
, (85)
where L = min{L, ξ, Lφ}. Note that the exponent θ is related with the exponent β which determines the energy
dependence of the average LDOS at the criticality, 〈ρ(E)〉 ∼ |E|β , as β = θ/z. We assume that t 6 t∗, i.e., the system
is either exactly in the transition point or slightly on the metallic side. In the case of an insulator, t > t∗, a glassy
behavior occurs. Investigation of LDOS fluctuations in this regime remains a prospect for future research.
The scaling behavior of the correlation function of the LDOS at the same energy but different spatial points can
be written as
〈ρ(E, r)ρ(E, r +R)〉 ∼ 〈ρ(E)〉2 (R/L)
−η
. (86)
Here the exponent η = −∆2 and it is assumed that l ≪ R ≪ L. This result follows from two observations: i) at
R ∼ l Eq. (86) should reproduce Eq. (85) with q = 2, ii) at R ∼ L the LDOS at points r and r +R is uncorrelated.
Similarly (see, e.g. Ref. [3]), one can find at l≪ R≪ L that
〈ρq1(E, r)ρq2(E, r +R)〉 ∼ 〈ρ(E)〉q1+q2 (R/L)∆q1+q2−∆q1−∆q2 L−∆q1−∆q2 . (87)
The 2-point correlation function of the LDOS at the same spatial point but at different energies demonstrates the
following scaling behavior:
〈ρ(E, r)ρ(E + ω, r)〉 ∼ 〈ρ(E)〉〈ρ(E + ω)〉 (Lω/l)
η
Υˆ2(Lω/LE),
〈ρ(E)〉 ∼ (LE/l)
−θ, 〈ρ(E + ω)〉 ∼ (min{LE, Lω}/l)
−θ, (88)
where the scaling function Υˆ2(x) has the same asymptotes as the function Υ2(x) (see Eq. (79)). We assume here
that the following condition holds Lω, LE ≪ min{L, ξ, LT}. In the case Lω ≪ L˜ = min{L, ξ, LT , LE}, one expects
the following scaling behavior:
〈ρ(E, r)ρ(E + ω, r)〉 ∼ (L˜/l)−θ (Lω/l)
−θ+η
. (89)
By using Eqs (86) and (88), we find the following scaling behavior of the 2-point correlation function of the LDOS
at different energies and different spatial points in the most interesting case l≪ R≪ Lω ≪ L˜:
〈ρ(E, r)ρ(E + ω, r +R)〉 ∼ 〈ρ(E)〉〈ρ(E + ω)〉 (Lω/R)
η
. (90)
Finally, it is instructive to compare the scaling results obtained above for the case of Coulomb interaction with the
multifractality at the Anderson transition in the system of fermions with short-range singlet interaction (−1 < γs 6 0).
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In fact, all the scaling results (77), (80), (82), (85), (86), and (88) - (90) remain the same, but the critical exponents
become different. As was mentioned above, the Anderson transition in the case of short-range singlet interaction is
described by the β-function of the non-interacting (Γs = 0) problem [S11]
−
dt
d ln y
= β(t, 0) = ǫt−
1
2
t3 −
3
8
t5 +O(t6). (91)
The critical point and correlation length exponent are given as
t∗ = (2ǫ)
1/2
(
1−
3ǫ
4
)
+O(ǫ5/2), ν =
1
2ǫ
−
3
4
+O(ǫ). (92)
The anomalous dimensions of mq were computed up to the four-loop order [S12]:
ζq(t, 0) =
q(1− q)t
2
(
1 +
3t2
8
+
3ζ(3)
16
q(q − 1)t3
)
+O(t5), (93)
where ζ(3) ≈ 1.2 stands for the Riemann zeta. This leads to the following expression for the multifractal exponents
in the non-interacting case:
∆q = q(1 − q)
( ǫ
2
)1/2
−
3ζ(3)
32
q2(q − 1)2ǫ2 +O(ǫ5/2). (94)
The average LDOS is uncritical across the Anderson transition for non-interacting fermions such that the critical
exponent θ = 0. Finally, we remind that in the case of short-range singlet interaction length scales induced by
finite temperature and frequency/energy are governed by different critical exponents [S1,S13,S14]: LE ∼ |E|
−1/z and
LT ∼ T
−1/zT , with
z = d, zT = 2− 2(2ǫ)
1/2 + 5ǫ− 2(2ǫ)3/2 +O(ǫ2). (95)
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